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sources of error, which are easy to compensate for using calibration.  The scatter in the
repeatability is more of a result of random errors, which are not easily modeled.

What causes these inaccuracies?

Sources of  Error

Geometric Non-Geometric
Link-length variations Gear Eccentricity
Joint axis orientations Backlash
Base locations Joint Compliance

The main cause of the inaccuracies in the robot motion is that the actual robot
built deviates from the kinematic model slightly.  In the machining of the pieces of a
robotic manipulator, even the pieces which meet the specifications must allow for slight
inaccuracies in the machining process.  However, very strict tolerances are much harder
to meet and raise the cost of manufacturing significantly.  Therefore, by keeping
tolerances at a reasonable limit, robots can be manufactured at a  lower cost.  The result
of this lowered cost, however, is the inaccuracy in the robot motion.  The tolerances
represent constant errors in the link lengths or joint orientations.  As mentioned before
these types of constant errors are easy to compensate for using calibration.  Thus it is a
cheaper to manufacture with a bit less precision because the errors can be removed  in
software.

Comments:
• The geometric errors are fairly easy to deal with - most schemes only look at their

effects.
• 90% of the inaccuracy of the robot can be dealt with by looking at geometric errors

only.  The above schemes can do very well.
• Non-geometric errors are more complex, but sometimes they can be modeled and

dealt with.

The non-geometric errors generally represents random occurrences which are not
constant and may or may not always occur.  This tends to make them difficult to model
and compensate for.  However in some cases (such as gear eccentricity) the errors have a
periodic manifestation which can be modeled.  While working with Puma robots, D.
Whitney found that he could indeed shrink the radius of scatter and make the robot more
repeatable by including compensation for the fact that the gears in the mechanisms were
slightly eccentric.



How to deal with inaccuracies: Calibration

Does it work?

Puma 560 robot
Non-calibrated - accurate to within about 1 cm.
Calibrated - accurate to within 0.2 - 0.3 mm.   [Kirchner, Prinz]

Generic calibration of a system

[ ] [ ][ ]Actual C sensed=

Goal: Determine the calibration matrix C by taking many data samples of the actual
variables and the sensed variables.

For the general problem of calibrating a system which requires a sensed input of a
real value (location, force, velocity), the aim is to determine a best approximation of the
matrix C by taking a least-squares fit of many data points.  This is done by creating a
single matrix equation from linear approximations of the relationships between sensor
responses and actual input.  Given a large number of sensor readings and the
corresponding actual input, a least squares approximation of the linear constants assumed
in the modeled of the relationships is given by solving the matrix equation for C using the
pseudo-inverse.

Position Calibration

When calibrating a robot for position accuracy, there are two basic methods which
can be used.  The first is the statistical approach which has a goal similar to the generic
sensor calibration: find the relationship between sensed position measurements and actual
locations.  Essentially this is a process of creating a C matrix for each position desired for
the robot to reach.  A closer examination of the statistical based is covered later.  The
second method, the model-based approach does not try to find the C, but rather uses a
known C matrix and its derivatives to correct the theoretical model of the robot.  As a
result, the corrected model will more accurately represent the actual kinematics of the
physical robot.

By correcting the small errors between the ideal link parameters used in the
forward kinematics of the robot and the actual link parameters of the arm, the model-
based method can achieve improved accuracy for relatively little work.  The basic
procedure for model based-calibration is as follows.



Outline of Model-Based Method

The forward kinematics of the robot must be known,

( )X f= Φ

where Θ is all of the Denavit-Hartenberg parameters,

[ ]Φ =
v r v v

θ α, , ,a d

Care must be taken to propagate all of the D-H parameters through the forward
kinematics.  No D-H parameter can be assumed to be 0 and left out of the kinematic
model or the error in that parameter will not reveal itself in the calibration process.

Take the first difference of the errors of X,
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(for improved accuracy higher order terms can be included [Kirchner, Prinz]).

Simplifying we get
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The partial derivatives represent a type of Jacobian, which also includes the ordinary
manipulator Jacobian.  This Jacobian will become our calibration matrix, C.

∆ ∆ΦX C=

Now we have a way to relate the error in position to the error in the D-H parameters.  We
take several data points (at least 4), noting that each configuration of the manipulator
requires a different C matrix.
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Simplify our notation,

b D= ∆Φ

Find the errors in the D-H parameters,

( )∆Φ =
−

D D D bT T1

where ( )D D DT T−1
is the pseudo inverse of D.  Compute the new values of the D-H

parameters,

′ = +Φ Φ ∆Φ

and iterate with the new values until a solution converges.  See Hollerbach for a more
detailed explanation.



Position Calibration: Important Considerations

1) For high D.O.F. manipulators a closed form analytic solution for the inverse
kinematics is not always possible. Typically for 6 D.O.F. manipulators what is required
for a closed form solution for the inverse kinematics is the intersection of three
consecutive joint axes at a point (like a typical 3 D.O.F. wrist). Therefore, when
calibrating a high D.O.F. manipulator the corrections to the D-H parameters will likely no
longer satisfy the requirements for a closed form solution for the inverse kinematics. This
is why the inverse kinematics for the real manipulator require the use of the ideal inverse
kinematic solution and the inverse of the jacobian. As seen in the example this typically
gives a very good approximation of the inverse kinematics.

2) This calibration procedure uses and iterative process which assumes small changes in
D-H Parameters result in only small changes in other parameters. This is actually not true
when a manipulator has two adjacent parallel (or nearly parallel axes). This is because
when 2 adjacent axes(Zi and Zi-1) are perfectly parallel, the Xi axis can be chosen to be
anywhere along the line of Zi. However, if the axes are just slightly skew, the point of the
perpendicular between Zi and Zi-1 (which by D-H parameter protocol is where Xi must
be) can be very far from the chosen Xi when they were assumed to be parallel. This
results in huge changes for the other link parameters. See the figure below to graphically
see why this is:

Example of stability problems with D-H parameters for nearly parallel axes.



There are two options for handling this stability problem: 1) assume that the axes are
parallel (i.e. do not allow errors in the αi-1 D-H parameters) 2) use a different set of
parameters to describe the manipulator, as shown below:

Typical Denavit-Hartenberg Parameters

Alternate model parameters for nearly parallel revolute joints

Alternatives to Model Based Calibration Methods:

The main alternative to the model based calibration method(which we have
focused on) is the statistical calibration method. For this method the manipulator is
commanded to many points and the actual position is measured for each point. These
points are evenly spread to cover the entire work area being calibrated. From these two
sets of values (the commanded joint values and the actual positions) a mapping can be
determined by doing a least squares fit on the data. I.e. what results is a calibration matrix
which maps a position to joint values. Another alternative is to have a direct lookup table
and do a linear interpolation between calibrated points.



The statistical methods have the following advantages:
1) there is no concern over stability of parametric representations.
2) this method can take into account error sources which are not due to
geometric joint parameter errors, so it can potentially be more accurate.
3) once calibrated, the computations of positions can be faster.

And the following disadvantages:
1) many more points need to be calibrated.
2) to use least squares fit method of statistical calibration, there is often a
limit on the size of the workspace which can be represented with one
calibration matrix. Thus a single manipulator may have many associated
calibration matrices for different regions of the work space.
3) much greater storage of data is required for the look up table method.
4) little insight is given into the source of the errors.

Measurement Systems:
In order to perform either method of calibration procedure, some form of

extremely accurate external measurement system must be used. The traditional
system uses theodolites and uses the principle of triangulation (see figure below).
Other measurement systems now being used are: laser based measurement,
interferometry, and accurate stereo vision systems.

Use of theodolites for measurement.
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Y0, Y1, Z2

Calibration Example
The following is a calibration example, included to illustrate the steps in the process.
This example has been substantially simplified to keep the process to manageable for
this presentation.
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Figure E1: Manipulator Schematic with D-H Parameters

Figure E2: Top View of Manipulator, Showing Ideal and Actual D-H Parameters

Actual Position
(error due to errors in D-H Params)

Prescribed Position



Kinematic Calibration (Model Based Method):

The goal of this process is to determine the errors in the Denavit-Hartenberg parameters (errors from the 
nominal parameters as defined by the manufacturer)

Ã Outline of the process:

� 1) Determination of the errors in the D-H parameters:

A) Define the general position vector (X), describing the position  and orientation of the end effector. This is the vector that will be used in the kinematic calibration 

procedure. (This general position vector must contain all Denavit-Hartenberg parameters - i.e. no simplifications can be made for known D-H parameters)

B) Define the calibration matrix (C). Each column of this matrix is the derivative of the general position vector with respect one D-H parameter. Since each link of a 

manipulator has 4 associated D-H parameters, the size of this matrix will be (m x 4n) (where n = # D.O.F., and m = length of position vector, X). 

C) Command at least k positions for the manipulator (where k >= 4n/m). This will supply enough equations to solve for the unknowns. In general, you want to 

choose more points  than this to allow for better calibration. Since the calibration procedure is iterative, the more points chosen, the fewer iterations will be needed 

before the solutions converge upon the errors in the D-H parameters.

D) For each point commanded, calculate the calibration matrix (Ci), and measure the actual position vector acheived (with some measurement system: i.e. theolodite, 

laser ranging, vision system...). Calculate the error for each position (giving a position error vector for each point commanded). Concatenate all results vertically, 

producing a long vector of position errors (called 'b' vector), and a tall matrix of calibration matricies (called 'D' matrix).

E) From the equation b
¶¹

 = D'I
¶¹¹¹¹¹¹

 (where 'I
¶¹¹¹¹¹¹¹

 is the vector of errors in D-H parameters), The errors in the D-H parameters ( 'I
¶¹¹¹¹¹¹

) can be solved for using the pseudo - 

inverse (essentially doing a linear least squares fit on the data): 'I
¶¹¹¹¹¹¹

 = D#b
¶¹

 (where D# is the pseudo-inverse of D).

Present Example.nb 1



� 2) Using the resulting D-H errors to correct the commanded joint values for a desired position:

A)For a given desired postion vector(X
¶¹¹

des), determine the joint value vector(q¶¹ n), using the inverse kinematics with the NOMINAL D-H parameters (Inverse kinematics 

may no longer have a closed form solution with the corrected D-H parameters - for this simple  2 DOF example they are still solvable, but for the general 6 DOF case 

they will not be).

B) Calculate the actual position vector (X
¶¹¹

act) that would be achieved from the determined joint value vector (q¶¹ n) using forward kinematics with the corrected D-H 

parameters.

C) Calculate the error correction needed in position: 'X
¶¹¹¹¹¹¹¹

 = X
¶¹¹

des-X
¶¹¹

act.

D) Calculate the error correction needed in joint values to achieve this correction in position using the inverse of the Basic Jacobian: 'q
¶¹¹¹¹¹

=J�1'X
¶¹¹¹¹¹¹¹

.

E) Command the joint values q¶¹ c=q¶¹ n+'q
¶¹¹¹¹¹

 to the robot.

Example Calibration Procedure for a simple 2-D.O.F. Manipulator:
(See Attached Figures E1 and E2)

Ã Form Transforms between link frames
These Transforms are for the general 2 D.O.F. case
i.e. No assumptions are made about the D-H parameters

T01  

L

N

MMMMMMMMMMM

Cos#T1' �Sin #T1' 0 a0

Cos#D0' Sin #T1' Cos#D0' Cos#T1' �Sin #D0' �d1 Sin #D0'
Sin #D0' Sin #T1' Cos#T1' Sin #D0' Cos#D0' d1 Cos#D0'

0 0 0 1

\

^

]]]]]]]]]]]

T12

L

N

MMMMMMMMMMM

Cos#T2' �Sin #T2' 0 a1

Cos#D1' Sin #T2' Cos#D1' Cos#T2' �Sin #D1' �d2 Sin #D1'
Sin #D1' Sin #T2' Cos#T2' Sin #D1' Cos#D1' d2 Cos#D1'

0 0 0 1

\

^

]]]]]]]]]]]
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T02  T01 . T12

L

N

MMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMM

Cos#T1' Cos#T2'
� Cos#D1' Sin #T1' Sin #T2'

�Cos#D1' Cos#T2' Sin #T1'
� Cos#T1' Sin #T2'

Sin #D1' Sin #T1' a0 � a1 Cos#T1'
� d2 Sin #D1' Sin #T1'

Cos#D0' Cos#T2' Sin #T1'
� Cos#D0' Cos#D1' Cos#T1' Sin #T2'
� Sin #D0' Sin #D1' Sin #T2'

Cos#D0' Cos#D1' Cos#T1' Cos#T2'
� Cos#T2' Sin #D0' Sin #D1'
� Cos#D0' Sin #T1' Sin #T2'

�Cos#D1' Sin #D0'
� Cos#D0' Cos#T1'
Sin #D1'

�d1 Sin #D0'
� d2 Cos#D1' Sin #D0'
� d2 Cos#D0' Cos#T1' Sin #D1'
� a1 Cos#D0' Sin #T1'

Cos#T2' Sin #D0' Sin #T1'
� Cos#D1' Cos#T1' Sin #D0' Sin #T2'
� Cos#D0' Sin #D1' Sin #T2'

Cos#D1' Cos#T1' Cos#T2' Sin #D0'
� Cos#D0' Cos#T2' Sin #D1'
� Sin #D0' Sin #T1' Sin #T2'

Cos#D0' Cos#D1'
� Cos#T1' Sin #D0'
Sin #D1'

d1 Cos#D0'
� d2 Cos#D0' Cos#D1'
� d2 Cos#T1' Sin #D0' Sin #D1'
� a1 Sin #D0' Sin #T1'

0 0 0 1

\

^

]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]

Ã For this simplified 2-DOF robot, we choose to be concerned only with (x,y) position of the end effector 
(still described with all possible D-H parameters): 

� Position Vector, X = (x,y)' 
(from last column of T02 matrix above)

- a0 � a1 Cos#T1' � d2 Sin #D1' Sin #T1'
�d1 Sin #D0' � d2 Cos#D1' Sin #D0' � d2 Cos#D0' Cos#T1' Sin #D1' � a1 Cos#D0' Sin #T1' 1

Ã The error in the position of the end effector (linear terms) is:

'X  C'I

C is a matrix of size m x n, ( in this case 2 x 8 ) called the Calibration Matrix

m = number of position values

n = number of D-H parameters (4x number of links)

'I is the vector of length n, (8 here) of D-H parameters.

� Calibration Matrix, C:

This calibration matrix is formed by taking the partial derivatives of every component of the positon vector with respect to every D-H parameter for the manipulator.

C #GXsGT GXsGD GXsGa GXsGd'
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'I  

L

N

MMMMMMMMMM

'T

'D

'a
'd

\

^

]]]]]]]]]]

For our example, each portion of the C matrix is 2X2 and each term in the vector above is of length 2 (1 for each link) i.e.:

C=

L

N
MMMMM

Gx
cccccccc
G41

Gx
cccccccc
G42

Gx
cccccccc
GD1

Gx
cccccccc
GD2

Gx
cccccccc
Ga1

Gx
cccccccc
Ga2

Gx
cccccccc
Gd1

Gx
cccccccc
Gd2

Gy
cccccccc
G41

Gy
cccccccc
G42

Gy
cccccccc
GD1

Gy
cccccccc
GD2

Gy
cccccccc
Ga1

Gy
cccccccc
Ga2

Gy
cccccccc
Gd1

Gy
cccccccc
Gd2

\

^
]]]]]

'I  

L

N

MMMMMMMMMMMMMMMMMMMMMMMMMMMM

'41

'42

'D1

'D2

'a1

'a2

'd1

'd2

\

^

]]]]]]]]]]]]]]]]]]]]]]]]]]]]

Ã Calculating the C matrix for this case: (Each of these 2X2 matricies are types of Jacobians)

GXsGT  

L

N

MMMMMMMMMMM

d2 Cos#T1' Sin #D1'
� a1 Sin #T1'

0

a1 Cos#D0' Cos#T1'
� d2 Cos#D0' Sin #D1' Sin #T1'

0

\

^

]]]]]]]]]]]

GXsGD  

L

N

MMMMMMMMMMMMMMM

0 d2 Cos#D1' Sin #T1'

�d1 Cos#D0'
� d2 Cos#D0' Cos#D1'
� d2 Cos#T1' Sin #D0' Sin #D1'
� a1 Sin #D0' Sin #T1'

�d2 Cos#D0' Cos#D1' Cos#T1'
� d2 Sin #D0' Sin #D1'

\

^

]]]]]]]]]]]]]]]
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GXsGa  

- 1 Cos#T1'
0 Cos#D0' Sin #T1' 1

GXsGd  

L

N

MMMMMMM

0 Sin #D1' Sin #T1'

�Sin #D0' �Cos#D1' Sin #D0'
� Cos#D0' Cos#T1' Sin #D1'

\

^

]]]]]]]

Ã Therefore the full calibration matrix, C in this example becomes:

L

N

MMMMMMMMMMMMMMMMMMMMMMMM

d2 Cos#T1' Sin #D1'
� a1 Sin #T1'

0 0 d2 Cos#D1' Sin #T1' 1 Cos#T1' 0 Sin #D1' Sin #T1'

a1 Cos#D0' Cos#T1'
� d2 Cos#D0'
Sin #D1' Sin #T1'

0 �d1 Cos#D0'
� d2 Cos#D0' Cos#D1'
� d2 Cos#T1'
Sin #D0' Sin #D1'
� a1 Sin #D0' Sin #T1'

�d2 Cos#D0'
Cos#D1' Cos#T1'
� d2 Sin #D0' Sin #D1'

0 Cos#D0'
Sin #T1'

�Sin #D0' �Cos#D1' Sin #D0'
� Cos#D0' Cos#T1' Sin #D1'

\

^

]]]]]]]]]]]]]]]]]]]]]]]]

Ã For the 2-DOF RP manipulator with nominal D-H parameters:
D0 = 0, a0 = 0, d1 = 0, T1 = T1(q1)
D1 = -S/2, a1 =0, d2 = d2(q2), T2=0

� To allow errors in all D-H parameters, we need the  full Calibration matrix from above. However, for the purpose of demonstration here, we 
simplify the problem, assuming that errors exist in only 2 of the  D-H parameters:  T1 and a1. So now  we can use a reduced matrix (Cr)

L

N

MMMMMMMMMMM

d2 Cos#T1' Sin #D1'
� a1 Sin #T1'

Cos#T1'

a1 Cos#D0' Cos#T1'
� d2 Cos#D0' Sin #D1' Sin #T1'

Cos#D0' Sin #T1'

\

^

]]]]]]]]]]]

� Now evaluate this matrix for the fixed D-H parameters (i.e. those that are not joint variables and those which we assume are not in error)

L

N

MMMMMMMMMMM

�d2 Cos#T1'
� a1 Sin #T1'

Cos#T1'

a1 Cos#T1'
� d2 Sin #T1'

Sin #T1'

\

^

]]]]]]]]]]]
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Ã Determine the forward and inverse kinematics for commanding positions of the robot:

� The IDEAL forward kinematics (with nominal D-H parameters)  for this manipulator are described by:

X  

- �d2 Sin #T1'
d2 Cos#T1' 1

� If we assume that d2> 0 only, The inverse kinematics (again for the ideal case) are:

L
N
MMM
T1 � ArcTan #y, �x'

d2 �
r���������������

x2
� y2

\
^
]]]

� The Generalized Coordinate Vector,q is:

- T1
d2

1

� Now we can begin the calibration procedure:

Ã We now specify 2 different points (x1,y1) and (x2,y2),  and figure the corresponding commanded 
parameters with the inverse kinematics. (for this current problem, we could just specify 1 point 
becuase there are only 2 unknown D-H parameters instead of the usual 4n, but 2 points will give us a 
better fit if there are any position measurement or repeatibility errors)

� Units for x, y, d2, and a1 are in mm, T1 and 'T1 are in radians

X1  

- 0
300

1

Present Example.nb 6



X2  

- 200
0

1

� The ideal inverse kinematics specify the corresponding joint values q1(T1,d2) and q2(T1,d2)

q1  

- 0
300

1

q2  

- �
S
cccc2

200
1

Ã Now, we would issue these joint commands to the robot and would measure the actual location 
acheived with some measuring device, but for this mathematical exercise we will just introduce to 
errors for 'a1 and 'T1 and see if we can converge on them with this calibration method.(plus we will 
introduce a small repeatability/measurement error via random number generation). "r" specified 
below is the maximum repeatibility error distance for any position direction.

�'a1 � 1, 'T1 �

S

ccccccccccc
180

, r � 0.05  

� The actual forward kinematics are:

L

N

MMMMMMMMMMMMMMMMMMMM

'a1 Cos#'T1 � T1'
� d2 Sin #'T1 � T1'
� random 
 r

d2 Cos#'T1 � T1'
� 'a1 Sin #'T1 � T1'
� random 
 r

\

^

]]]]]]]]]]]]]]]]]]]]
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� Therefore, the measured positions achieved by the manipulator for the commanded joint values are:
(in a real calibration procedure these positions would come from a measurement system - i.e. a theolodite system.)

Xa1  

- �4.19388
299.976

1

Xa2  

- 199.998
2.52064

1

� Calculate the position errors for each point commanded:

'X1  Xa1 � X1

- �4.19388
�0.024165

1

'X2  Xa2 � X2

- �0.00168594
2.52064

1

Ã Use Least Squares Method (or Pseudo-Inverse) to solve for errors in D-H parameters.( in this case just 
'a1 and 'T1)

� Recall that the Cr Matrix for our example is:

L

N

MMMMMMMMMMM

�d2 Cos#T1'
� a1 Sin #T1'

Cos#T1'

a1 Cos#T1'
� d2 Sin #T1'

Sin #T1'

\

^

]]]]]]]]]]]
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� For this first iteration, we start with  the corrections to 
a1 = 'a1 = 0 

and 
T1 = T1 , 'T1 = 0

- 'a1 � 0
'T1 � 0

1

� Therefore, the Cr1 matrix (for position X1) is:

- �300 1
0 0

1

� The Cr2 matrix (for position X2) is:

- 0 0
200 �1

1

Ã The least squares solution is expressed in the form:
b = D 'I, 

Where b is the vector of position errors and D is a matrix of Calibration Matricies:

� In this Case, b = 

L

N

MMMMMMMMMM

�4.19388
�0.024165
�0.00168594

2.52064

\

^

]]]]]]]]]]

� and the reduced D (Dr from the Cr's) is:

L

N

MMMMMMMMMM

�300 1
0 0
0 0

200 �1

\

^

]]]]]]]]]]
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� The Pseudo - Inverse of D (Dpi)=

# D† D'�1
D†  

L
N
MM �

1
cccccccc100 0 0 �

1
cccccccc100

�2 0 0 �3
\
^
]]

� Now the solution for the corrections to the D-H parameters is:

'I1  Dpi . b  

- 0.0167324
0.825848

1

Ã Iterate:

� So for this iteration, the errors between the forward kinematic solutions(now with the corrected D-H parameters from last iteration)and the 
actual measured positions are:

'X1  

- �0.000118624
0.00401241

1

'X2  

- 0.012493
0.0000405474

1

� The result from the second iteration is a very small correction so the iteration is stopped.

'I2  

- 4.92452 � 10�6

0.00128964
1
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� The overall calculated corrections to the D-H parameter is the sum of all of the iterations:

'I  'I1 � 'I2

- 0.0167374
0.827138

1

Ã i.e.

- 'a1 � 0.827138
'T1 � 0.0167374

1

Ã Remember the original introduced errors were: 
'a1 = 1 mm and 'T1=1 degree = 0.01745 radians
So our solutions are close to the actual.

Using these corrections to the D-H parameters to modify 
joint commands:

Ã Example: Our desired position is (choosing a position much different than calibration positions to 
make a convincing argument that the calibration works):

Xdes  

- x � �150
y � 150

1

�  Recall that our Inverse Kinematics are:

L
N
MMM
T1 � ArcTan #y, �x'

d2 �
r���������������

x2
� y2

\
^
]]]
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� This gives a joint value command of:

L
N
MMMM

S
cccc4

150 r����2
\
^
]]]]

� Our Forward Kinematics With the Corrected D-H Parameters give:

- 'a1 Cos#'T1 � T1' � d2 Sin #'T1 � T1'
d2 Cos#'T1 � T1' � 'a1 Sin #'T1 � T1' 1

� Inputing the Values Commanded and the Corrections(from our calibration), we get an actual position of:

- �151.914
148.063

1

� Therefore, before calibration our position error for this point would be :

'X  Xnom� Xact

- 1.91447
1.93691

1

� Or an distance error (in mm) of:

r���������������������
'x2

� 'y2
 2.72339

Ã  However, because we have done the calibration, we can correct for this error (we know close to the 
actual forward kinematics and therefore can predict what the position error will be - as done above). 
For this we use the Reduced Jacobian (because in this case only concerned with x,y position), to find 
the compensation needed in the Joint Values:

� The joint value error is related to the position error by the inverse of the jacobian:

'q  Jr �1 'X
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� The Reduced Jacobian is derived from the position Vector (from last column of T02 matrix):

L

N

MMMMMMMMMMM

'a1 Cos#'T1 � T1'
� d2 Sin #'T1 � T1'

d2 Cos#'T1 � T1'
� 'a1 Sin #'T1 � T1'

\

^

]]]]]]]]]]]

� Using the corrected D-H parameters and the commanded joint angles gives:

Jr  

- �148.063 �0.718842
�151.914 0.695173

1

Its Inverse is: Jr�1

- �0.00327708 �0.00338866
�0.716132 0.697976

1

Ã So we need to add the following compensation to our joint values command:

'q  Jr �1 . 'X  

- �0.0128374
�0.0190942

1

� So we Modify the joint values to Compensate:

qcorrected  qcommand� 'q  

- 0.772561
212.113

1

� The new position tht results by this correction (using forward kinematics, with all of the corrected values and the modified D-H parameters) is:

- �149.988
149.988

1

Present Example.nb 13



� So the error is now:

- �0.0122938
0.0124288

1

� Or an error in position (in mm) of:

0.0174818

� Improved by better than 2 orders of magnitude! (this is a greater effect than typical. Typically this process improves accuratcy by 1 order of 
magnitude).
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Calibration of  Multi Axis Force/Torque 
Sensor Device

The most general force/torque sensing task in 3-D space is a 6 dimensional task (i.e. 3 forces and 3 torques). This means 

that we want to be able to obtain a vector, representing the forces and torques along three axes:

F
¶

i  

LMMMMMMMMMMMMMMMMMMMMMMMM

F x

F y

F z

M

\]]]]]]]]]]]]]]]]]]]]]]]]

A force sensor capable of measuring these 6 forces and torques must have at least 6 linearly independent force or strain 

sensing elements. A typical set-up (as shown in figure F-1) is to have 8 strain gages, which has 2 redundant sensors. The 

process of force sensor calibration determines the relationship between the 8 sensing element readings and the actual 6 

D.O.F force/torque vector. This relationship is represented as a 6X8 calibration matrix, C, where:

F
¶

i  C Si
¶¹¹¹¹

Where Si
¶¹¹¹

 is the vector of sensor element readings:

S
¶

i  

L

N

MMMMMMMMMMMMMMMMMMMMMMMMMMM

S1

S2

S3

S4

S5

S6

S7

S8

\

^

]]]]]]]]]]]]]]]]]]]]]]]]]]]

Ã Zero Offsets:

Before determining the relationship between the sensor readings and the external applied forces, the "zero" offsets must be 

measured. This means that for the robot in a particular configuration, the sensors will have some reading due to the weight 

of the end effector and other factors internal to the robot and its sensing elements. The following method of sensor 

calibration assumes that S1 thru S8 are the resulting sensor readings after the zero offsets have been subtracted. The fact that 

the zero offsets can depend on robot end effector orientation can make this calibration process more difficult. 
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Ã Calibration Method:

The determination of the calibration matrix requires the application of at least 6 independent known forces and torques (the 

same number of independent forces and torques as the length of the force/torque vector). It is often advantagous to take 

multiple readings of differently scaled forces and torques along the same axis (especially if that force or torque axis is the 

most important for the task to be performed by the robot). However, at least 6 of the total tested forces and torques must 

still be linearly independent.

The calibration matrix C must provide the best fit relationship between all sensing element vectors and their corresponding 

known force/torque vectors. Therefore, if 10 different known force/torques (with 6 being independent) are applied to the 

robots end effector, the following matrix equation applies: 

F+6 X 10/  C+6 X 8/ S+8 X 10/

Where the corresponding columns of F and S are pairs of known forces with resulting sensing element readings. Or more 

generally:

F+k X m/  C+k X n/ S+n X m/

Where: 

k = number of force/torque axes

n = number of sensing elements

m = number of known forces/torques applied

Since S is likely not square or not of full rank, it is not invertible. Therefore, the right generalized inverse must be used to 

obtain the least squares best fit calibration matrix. The right generalized inverse of S is:

S#
 ST +S ST/

�1

So, the best fit C
C

 matrix is (obtained by multiplying both sides of the equation by the right generalized inverse of S):

C
C

 F S#
 F ST +S ST/

�1

To check how close a fit is obtained (i.e. how well the C
C

 matrix maps the sensing element readings to the actual forces/

torques applied), the error matrix, E, can be calculated:

E  C
C

S � F

This resulting E matrix is of size (k X m) (which is 6 X 10 in our example), with each row of the matrix representing the 

errors in force or torque along that corresponding axis for a particular applied known force/torque. I.e. the 1,2 element of 

the E matrix in our example would correspond to the error in the Fx direction when the second known force/torque was 

applied. 

To quantitatively evaluate the resulting E matrix (and thus the quality of fit of the C
C

 matrix), Two quantities can be 

calculated for each row of the E matrix: The average, and the scatter (represented as an RMS average or Std Deviation). 

Ideally, the average of each row should be zero (meaning that the values are randomly distributed about zero error) and the 

Std Deviation should be small (little scatter).
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Ã Affecting the least square solution by weighting of measurements

It is possible to weight certain measurements over others during the calibration procedure. This is accomplished by 

introducing a weighting matrix, W as follows:

F W  C S W

Where W is a diagonal m X m matrix (where m = the number of known test forces applied):

In our example, the weighting matrix would be a 10 X 10 matrix: 

W  

L

N

MMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMM

w1 0 0 0 0 0 0 0 0 0
0 w2 0 0 0 0 0 0 0 0
0 0 w3 0 0 0 0 0 0 0
0 0 0 w4 0 0 0 0 0 0
0 0 0 0 w5 0 0 0 0 0
0 0 0 0 0 w6 0 0 0 0
0 0 0 0 0 0 w 7 0 0 0
0 0 0 0 0 0 0 w 8 0 0
0 0 0 0 0 0 0 0 w 9 0
0 0 0 0 0 0 0 0 0 w 10

\

^

]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]

What results is a normalized weighting of each column of F and S. Thus, the least squares fit is now performed on these 

weighted values. The weighting is equivalent to repeating each original ith column wi
2 times. 

The resulting calibration matrix is:

C
C

 F W+SW/#
 F W+S W/T

+S W+S W/T
/
�1

Ã Selecting linearly independent known test forces/torques

It was mentioned above that, for a 6-axis force sensor (capable of measuring 3 force directions and 3 torque directions in 3-

D space), at least 6 linearly independent known test forces/torques must be applied. If this is not the case, one or more 

directions of applied force/torque was not tested, and thus the force sensor was not calibrated for that force/torque direction. 

Therefore, the calculated force will be incorrect for that direction in all subsequent use of the sensor with the resulting C
C

 

matrix. 

For example in the 3 axis (2 force directions and one torque direction) force sensor set up in figure F2:

If the test forces and torques were produced by applying just different mass values for M1, the resulting known test force/

torque matrix would have linearly dependent columns. I.e. if for the first test force M1 = 10N, second test force = 20N,a nd 

third test force = 30N, the F matrix would be:
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F  

L

N

MMMMM

Fx1 Fx2 Fx3

Fy1 Fy2 Fy3

Mz1 Mz2 Mz3

\

^

]]]]]

equal to:

F  

L

N

MMMMM

0 0 0
�10 N �20 N �30 N
�Nm �2 Nm �3 Nm

\

^

]]]]]

Which has dependent columns. If the sensing elements (s1,s2,s3) have a linear response (which is assumed using this 

method), the resulting S matrix will not have 3 independent columns and thus it will not be invertible (in the case that it is 

square) and the right generalized inverse also does not exist as SST is not invertible.

In reality, the sensing elements are not perfectly linear, and there are other sources which contribute to small sensing errors, 

so the resulting SST is invertible, but is a bad conditioned matrix. 

So in the example above (figure F2), the force calibration could be correctly achieved by applying at least one test mass for 

each M1, M2, M3. This will produce at least 3 independent columns in the S matrix and SST will be invertible.
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Figure F2: Sample force sensor calibration set-up.

Figure F1: A typical setup for a force sensor (with 8 sensing elements)


